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S. ABRAMOVICH, J. BARIC, M. MATIC, AND J. PECARIC 



Abstract. In this paper upper bounds are given for the successive differ- 
ences A„+i - An and B„ — iJ„_i where An = 1/ (n - 1) J2r=i f ^ri = 
1/ (n + 1) 5Zr=o f / superquadratic function. We obtain bounds 
for the successive differences of the more general sequence l/cn ^"—i f (ctr/bn) 
when / is superquadratic, which refine known results for convex functions. We 
also obtain bounds for various successive differences when / is an increasing 
subquadratic function. 



1. Introduction 

We define the averages 

r=l 

and 

n 

S"(/) = ;i^E/(^), n>l. 



r=0 

In [9] (see also [8]) it was shown that if / is convex, then An{f) increases with n 
and Bn (/) decreases. In 0, for the class of superquadratic functions, the theorems 
of [5] are generalized in the following Theorem A and Theorem B. 

Theorem A [5] // / is superquadratic on [0, 1] then for n > 2 

ri-l 

An+1 if) ~ A„ (/) > / (3L) + ^ Xrf iVr) , 

r=l 

where i/r = a'^^n^^i)'^ ■ Moreover if f is superquadratic and non-negative, then for 
n > 3 

A„+i (/)-A„(/)>/(3L)+/(^^). 
Theorem B [5] // / Z5 superquadratic on [0, 1], then for n > 2 

n 

Bn-l if) - Bn if) > / (ir) + E ^rf iVr) , 

r=l 

where y,. = ^"^^^Zf)^ ■ Moreover, if f is also non-negative, then for n> 2 
i3„_i(/)-i?„(/)>/(3L)+/(^). 
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In this article we find upper bounds for the difference An+i (/) — An (/) and for 
the difference Bn-i (/) — Bn (/) . We also generalize the lower bounds obtained in 
[in], [U and [H]. 

Now we present the class of superquadratic functions / that we use in this paper 
to get our results related to differences of averages. This was introduced in [4] and 
[5], and deah with in [1], [2], [3], [6], [7], [12], [13] and other papers. 

Definition 1. [?1[S] ^ function f, defined on an interval I = [0,L] or [0, oo) is 
superquadratic, if for each x in I , there exists a real number C [x) such that 

f{y)^f {x) >C{x){y-x) + f{\y- x\) (1.1) 
for all y I. A function f is subquadratic if — / is superquadratic. 

As stated in the following Lemma A, positive superquadratic functions are also 
convex, increasing and satisfy / (0) = (like / (x) = x"*, m > 2). Therefore the 
results obtained in this paper leads to refinements of results in [9], [10] and [l4] . 

Lemma A [4] Let f be a superquadratic function with C (x) as in Definition]^ 
Then 

ft) /(0)<0, 

(a) if f (0) = /' (0) = 0, then C (x) = f (x) whenever f is differentiable at x > 0, 
(Hi) if f (x) > 0, a; G /, then f is convex on I and f (0) = /' (0) = . 

Lemma B [5 Suppose that f is superquadratic. Let > 0, 1 < ^ < ?^ o,nd let 
X = X]r=i ^rXr whcrc > 0, aud = 1- Then 

n n 

E A./ (Xr) > / (5) + E Ar-/ {\Xr~x\)- (1-2) 
r— 1 r—1 

If f (x) is subquadratic the reverse inequality to (jl.2p holds. 

From Lemma B we get the immediate result which we state in the following 
Lemma 1, by repeating (|1.2p t times. 

Lemma 1. Let f be superquadratic on [0,L] and let x,y ^ [0,i], < A < 1. 
Then 

A/(x) + (l-A)/(y) 

> / (Ax + (1 - A) y) + Xf ((1 - A) |y - x|) + (1 - A) / (A |y - x|) 

> /(Ax + (1-A)2;)+ E /(2A(l-A)|l-2A|''>-y|) + 

Xf ((1 - A) |1 - 2A|* |x - y|) + (1 - A) / (a |1 - 2A|* |x - y\) . (1.3) 

// / is positive superquadratic we get from 11.3]) that 
Xf (x) + (l - X) f (y) 

> /(Ax+(1-A)y)+ E ./(2A(l-A)|l-2Ahx-y|) (1.4) 

k=0 ^ ' 

If f is subquadratic we get the reverse inequality of lll.3\) . 

From Lemma 1 we get the following result for a positive superquadratic functions. 



SUPERQUADRATIC FUNCTIONS AND AVERAGES 



3 



Lemma 2. Let f be a positive superquadratic function on [0,L]. Let Ai G [0,L] , 
< Ai < 1, i ~ 1, m. Then 



E [AJ((1-A,)A,) + (1-A,)/(A,A,)] 
fe=o \ / 



(1.5) 



// XiAi > A, z = 1, m, i/ie?7. 

m 

E [A,/((1-A,)A,) + (1-A0/(A,A0] 



fe=0 



2. SUPERQUADRACITY, SUBQUADRACITY AND UPPER BOUNDS OF AVERAGES 



In the following theorem we establish an upper bounds for the differences An+i (/)- 
An (/) and i?„_i (/) — Bn (/) for superquadratic functions whereas in [6] and [2], 
lower bounds were established for convex functions and superquadratic functions 
respectively. 

Theorem 1. Let f be a superquadratic function on [0, 1]. Then for 1 < r < n, 
n > 3, we get 



An+i if) -AM) 



< 



2r 



(2-1) 



(n— 1) 

Moreover, if f is also positive, then 

A„+i (/) - An if) < i [/ (^) + / (^)] - [/ (^) + / (1)] (2.2) 

Proof. As / is a superquadratic function on [0, 1] , then by inserting in Lemma [1] 
X = —TT: V = -TT, ^ = r = 1, n we get 

X / r \ ^ n — r ^ / 1 \ i r — 1 ( n \ n—r £ ( r — 1 \ i r — 1 f ( n — r \ ^9 

■t \n+l J — n-lJ yn+l J ' n-1-' J [n-lJ \n+l J ^ \n+l J\ ' y^-"^) 



Hence 



51) / ( n+l ) 
r— 1 ^ ^ 

^ 71 — r r { 1 \ I r — 1 f { n \ n — r f f r — 1 \ i r — 1 / n—r \ 

£ { 1 \ \ f ( ^ \ 71— r £ { r—l \ I r— 1 £ ( n—r 

J \n+l J ^ J \n+l J \ Z^^ [n-l-l \n+l J ' n-l-l \n+l 



r— 
n-1 



I Ji+1 i ' ^ I n+l i ^ n-1 ^ I n+l 



(2.4) 



From dm we get ^J^. 
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If the superquadratic / is also positive on [0, 1] then / is convex and from ()2.1 
we get 



f I 2(r-l)(«-r) \ : r (1\ 

J \ n(n-l)(n+l) ] ^ J \2) 



r=l 



Hence, (\2.2^ holds. This completes the proof of the theorem. 



□ 



In the following theorem we establish an upper bound for the difference Bn~i (/) — 
Bn if) by similar reasoning to those used in Theorem[T] The proof is omitted here. 

Theorem 2. Let f be a positive superquadratic function on [0, 1]. Then 

i?„_i (/) - B„ (/) < ^ [/ [^) + f (1)] - (i) - / (i) . 

Remark 1. The arguments in Theorems]^ and\^ can be generalized to an upper 
bound of X]i=i / (o^) where {ai)^y^ is positive increasing sequence and f is 
superquadratic function. Therefore, putting in Lemma [I] that X = , x = 

y — ^ = 1, it follows 

f ( \ <^ O.ji — O'i f j Ql J I fli — Ql f (\ \ Qti — V ( CLi—Cl\ \ — aj £ ( an —CLj \ 

Hence, 



an—a\-' \ an j an—ai'^ \ j 

// / is also positive and therefore convex, we get from the last inequality that 

E/fe) < /(f^)E^ + /(i)ES 

/ m , , , , 

—mf I V 

\ ^— (an—ai)anTn 



(2.5) 



In theorems\^ and\^we simplified the last inequality according to the specific m, 
n, and {ai)-y^ . 

If Oi, i = 1, n is a general positive increasing sequence we get from 112. 5\) . using 
2 (a„ — fli) (fli — ai) > 2 (a„ — a„_i) (02 — ai) , that for m = n the inequality 



-nf 



2{an—an-i){a2~ai) 
{an —ai)an 



/(I) 



, /^ Er=l a— "°i 



holds. Since for convex functions we have 
from i2.6\) and \2. ?p the following results directly follows. 



(2.6) 



(2.7) 
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Theorem 3. Let f be a positive superquadratic function on [0, 1] and let (ai)igN 
he a positive increasing sequence. Then 

n+l 



f Isij^] f ( °i 

n ^ '' \ an j n+l ^ \ a^i + i 
i—\ ^ ' i—\ ^ 



n(aii— ai) \an J n(a„— ai) J \ / 

_f ( 2(a„-a„-i)(a2-ai) \ _ f Z^fa/ °' 
V (a„-ai)a„ ^ I (ri+l)a„ + i 

Theorem 4. Lei f be a positive superquadratic function on [0, 1] . Let (ai)igN &e a 
positive increasing sequence and (ci)igN &e o, positive sequence. Then 

~ £ / ~ ~ »?i V^^. 



[an—ai) Cn n(o,x— ai) 



n i- f 2(a„-an-i)(a2-ai) \ _ w+l f [ X]i=i °i 
Cn \ (are-ai)an J c„+i •' I (?i+l)a„ + i 

In the following theorem we prove some inequalities for An (/) and Bn (/) for 
increasing subquadratic functions. 

First we state a lemma that follows immediately from Lemma B for subquadratic 
functions. 

Lemma 3. Let f be increasing and subquadratic, and let 

n 

Xr <'2J2 ^i^'.i r = l,...,ri (2.8) 

1=1 

where Ai > 0, > 0, i = 1, n, X]"=i = 1- Then 



E>^rfiXr)<2f[j:KiXr)]- (2.9) 
r=l \r=l / 

In particular, if max{xr '. r = 1, ...,n} < 2min{a;,. : r — 1, then i2.8\) holds 

and therefore 112. 9\) holds. 

For subquadratic increasing functions (which are therefore also non-negative) 
the proofs of the following Theorem [5] for An (/) and Bn (/) show that (|2.9p holds 
as (|2.8p always holds. The bounds given here for subquadratic functions are not 
the best possible, but as they are easy to obtain we state these bounds and prove 
them. 

Theorem 5. Let f be increasing subquadratic function on [0, 1]. Then for n > 2 

An+l if) < 2An if) (2.10) 

and 

Bn-l if) < 2Bn if) . (2.11) 

// / is also convex, we get that 

An if) < An+l if) < 2An if) (2.12) 

and 

Bn if) < Bn-l if) < 2Bn if) (2.13) 
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Proof. We use the same technique as in [5] and [9]. By some manipulations we get 

that 



for 1 < r < 71 — 1. 



Let us denote xi (r) — -^-tt, ^2 (r) — —tt, — X2 = — 

^ \ n+l ' ^ V / n+1 ' n ' ^ ^ 

Now we get that Ai^i + X2X2 = —■ 

Asm = ^ <2{r.) ^ 2 (Xixi + \2X2) andx2 = < 2 (^) = 2 (Aia;i + A2a:2) , 
we get that (j2.8p is satisfied, and as / is subquadratic increasing we get by Lemma 
[3 that 



1 

n-1 



n— 1 f / ^ 

n ^ J \ n+l 



r=l 



<2^ 



and this is inequahty (12.101) . The same reasoning leads to (|2.11l) . In [3] it was proved 
that An, (/) increases with n and Bn{f) decreases when / is convex. Therefore, if 
/ is convex increasing and subquadratic we get that p.l2p and (|2.13p hold. □ 



Remark 2. The same reasoning that lead to h2. 1 0]) also shows that A„(/) < 2/ (i) 
for subquadratic increasing function, and if f is also convex, A„(/) > /(^). 
Therefore, if f is convex increasing subquadratic function then / (^) < < 
An+i{f)< 2A„(/)<4/(i). 

Remark 3. The following functions are examples of subquadratic increasing func- 
tions which are also convex (see ^) and therefore satisfy Theorem\Bi 

f{x) = x\ 1<P<2, 

f{x) = + l<p, 

f{x) = + 1<P<2, 



f{x) = Zx^ ^1x^\og(x), 



< a; < 1. 



3. SUPERQUADRATICITY AND LOWER BOUNDS OF AVERAGES 

The following theorem refines the results of |14j for convex functions which are 
also superquadratic (like / (a;) = x™, m > 2). 

Theorem 6. Let f be a positive superquadratic function on [0,1] and let (ai)igN, 
Oi > 0, and [\ — -^^^^^ ^ &e increasing sequences. Then for n > 2 we get that 

1 " f \ 1 f \ 

^ ■~ n ^ J' [li^) ~ n+l S ( a„ + i ) 
i—1 ^ ^ 2—1 ^ ^ 

-> n-1 \s ( ai-ax \ if/ ("~2) (a2 -Qi ) \ , -f ( (n-2)(a2-ai 
— n+l \^ ria„ / ■' V 2(n-l)ria„ / ■' V 3ri^a„ 

Proof. From the conditions on a; , i = 1 , . . . , n + 1 , it is obvious that 

i_ / Oj+i _ _ai_ \ ^ a2-ai ^ 
n \ an an J — na^ 

By the same considerations as in [14] we get that 



{i—l)ai — i + {n—i+l)ai 
nan 



> 



(3.1) 
(3.2) 
(3.3) 
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and 



1 " f \ 1 f 

^ ~ n+1 S / ( ~ 

= ;rTT|:[^/(^)+^/(e)-/(er)]- (3-4) 

From the superquadraticity of / we get from (|1.2p and p.4p that 
A = ;iiTg[^/(^)+^/(t)-/fe) 

— n+l ^ n *' \ 

n 



i-\-l){ai-ai-i) \ I (n-i+1) r f (aj -a^-i ) 

-/f — 



(3.5) 



where we let oq = 0. 

By Lemma A as f{x) is positive superquadratic it is also increasing. Therefore 
from p.3p we get that 



E /( 



'■>{ 



>o, 



and from (|3.5p and p.6p we get 

^ > 1 ^ (i-l) y ( (w-i+l)(ai-ai_i) ^ j_ (rt-i+l) f ( (i-1) (gj -ai_ i ) 

As /(O) = it follows 

From (|3.7p . (|3.8p and Lemma [2] we have 



(3.6) 



(3.7) 



/ / {n-i+l){ai-ai-i) \ ^ (n 



(i-l)(ai-aj-i) 



n J •> \n a-n, J 



(3.8) 



2 / v"-;2i(i-i)|i-2iiV£i±L-'^» 

> ilzlI ^ y I "^1 " 



fc=0 



(3.9) 



holds by inserting in ([13]) X, ^ ^, A, ^ °'+^' °' , t = 2. We also get from (HH]) that 

^"^j^ 2(n-i)|n-2i|'=(a2-ai)^ 



A > ^ y / 



fc=0 



' (n — l)a„ 



(3.10) 



It is easy to verify that J2"=i 2{n — i) ~ n{n — 1) and 



n-l 



J2 2{n~i)\n- 2i\ = 



i=l 



2 

Tt(n-l)^ 



r n 1 n — 1 

L2J ~ 2 ' 



as well as EIL/ 2 (n — i) (n — 2?;)^ = " ^" g-*^" ^-^ and 
2,3,.... 



9 ^ 9 ' 
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Hence, 



It, , s n+1 , 

i=l ^ ^ i=l ^ ^ 

f ( a2-ai \ j_ f f {n-2){a2-ai) \ , r 
J ) ^ J \ 2(n-l)«a„ j + ■> 



n+1 



(Ti-2)(a2-ai) 



This completes the proof of the theorem. 

The following theorem deals with a lower bound for 

n+1 



□ 



2—1 ^ ^ Z— 1 ^ 



under the same conditions as in [51 Theorem 5.6], where a different lower bound is 
obtained for positive superquadratic function /. 

Theorem 7. Let (ai)j>Q and {ci)^yQ be sequences such that ai > 0, Ci > 0, for 
i > I, and 

(I) (ci)igN is increasing and cq = 0, 

(II) (ci — Ci_i)jgji^ is increasing, 

m (i - ft) ^ (i - ^) < cn (i - etr) ■ 

(IV) flo = anc? (aj)iGN increasing. 

If f is superquadratic and non-negative function on [0, 1] , then 



n> I. 



n / \ n+i / \ / / \/ 

£)•— J_y^ f ( — 1 \^ f i "-^ 1 > f ( 2ci(a2-ai)(c 

Proof. From the conditions (I)- (IV) it is clear that 

Cj ( o.i+1 _ai_\ ci(a2— Qi) ^ 
Cti \ an a-n ) — ajiCn 



and that 



Ci — iai-i+ai{cn—Ci-i) 



> 



an + l ■ 



for an arbitrary i = 1, n. 



(3.11) 



(3.12) 



From Lemma A we know that /(O) < 0, therefore if / is positive then /(O) = and 
from (I) and (II) we get 



D 



(3.13) 



Using the superquadraticity of / from (|1.2p and p. 131) it follows 



n r / 

D > ^f ( 



(c,i-Ci_i)(ai-ai_i) 
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As / is increasing, according to p.l2p . p.lSp implies 

j~) ^ 1 Ci_i r f (Cn-Ci_i)(ai-ai_i) \ (c„-Ci_i) r f Ci„i(ai-ai-i) \ 

i—1 ^ ^ ^ ' 

_ 1 a J ^c,^-Ci)(ai + i~ai) \^ ^ (c„-cO J ^ Ci(ai+i_ai) ^ (3 15) 



The last equality follows from /(O) = and cq = 0. 

Inserting in (|1.5p that = ^ and = °'^a ~°' ^ from (I3.15p . we get 



t 

ri-l 



^>^E/| ' ^ "^^ ;-i ^ " ^ )■ (3.16) 

Using ((3?TT|) and (|L6)) we get from ((3?T6l) that 

i^>z:TTg/(^ ^ (n-W: ' ^j. t = 0,1,2,.... (3.17) 



As (ci)igN is increasing, from p.l7p we have 

n+l 



1 '"' ( \ 1 " ( 

^ c„ S ( a„ ) c„ + i S ( a„ + i 
i—1 ^ ^ i—1 ^ 



> 



> 



n-1 



^"^^^ 2(c„-c„^i)|c„-2ei|'=ci(a2-ai) 



{n—l)Cn a„ 



ra-1 J- / 2ci(a2-ai)(c„-c„-i) \ 



□ 



Remark 4. If (ci)^^^ = {ai)i£iq, from Theorem^ we get a refinement of Theorem 
2 in [14j for convex functions that are also superquadratic. 

In the following theorem we extend our investigation to three sequences. Inves- 
tigation with three sequences was also dealt in [F^ . 

Theorem 8. Let f be a positive superquadratic function on [0,L]. Let (ai)j>g , 
i^i)i>o ' ('^«)j>o sequences such that ai > 0, 6, > 0, q > for i > I and 

(a) (ai)-gjj , (6i)jGN ' (ci)ieN "-"^^ increasing and oq = cq = 0, 

(b) (cj - Ci_i)jgj(j is increasing, 

Then 

n / s n+l / s 

r— 1 ^ ^ r—1 ^ ^ 

> (3.18) 

where A minjai+i — a,; : « = 1, 

Proof. The technique of the proof is analogue to the techniques that we used in 
proving Theorem [5] and Theorem [T] □ 
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4. SUBQUADRATICITY AND AVERAGES 

In this chapter we deal with functions that are increasing and subquadratic on 

[0, 1], hke are f{x) = x", < m < 2 and 



— 2x^ log X, < X < 1 
, a; = 



The last function is not concave and not convex and therefore none of the results 
of [5], [10], [H], and [HI are applicable to this function. 

Theorem 9. Let f be increasing subquadratic function on [0 , 1] . Let^ai)^^^ satisfy 
(A ) {ai)^^^ is increasing sequence and > 0, i = 1, n + 1, 



(B) ^^^^^l)<n[^-l), 



i = 1, 



Then 



1 " ( \ 1 " ( \ 
^ n+T E / ( TTitTi ) ~nS/(^) 

i=i ^ ^ / ^ / 

^ i £ f n — i+1 o-i+l^o-j \ _i_ n— i+1 f f 

— n(n+l)J \ n+l ' a„j.i j ~^ n(n+l) J \ n 

i—l ^ ^ ^ ^ 



+ 1 a„ 



Moreover, if in addition 
(C) ^<2, i = l,...,n 
holds, then 

n+l , \ n , 

-}—Yf{ -^1 < 1 V f I 

n+l ^ •' \ a„+i / — n ^ V a„ 
i—l ^ ^ i—l ^ 

Proof. Since (0^)^^^^ increases we get from (B) that 

which is equivalent to 
Rewriting E we get 



i = 1, 



(n+l)a^+i — a„ 



E = ^ 



n+l / \ " / 

n+l / ( oT+l ) ~ ^ ( 

2 — 1 ^ ^ 2—1 ^ 



■■ 1 ^ " +1 ( \ " / ^ 

E n+l ( oT+l j ^ ^ n+l ^ ( a„ + i ) ~ / ( ^ ) 
t— 1 ^ ^ i—l ^ ^ i—l ^ ^ . 

j. i f Z' + i ^ I n-i+1 J' ( at \ f ( a-i \ 

n [n+l J \^a„ + i J ~^ n+l J \^ a„ + i J J \a„ J ' 

As / is subquadratic, by using (|1.5p we get from (|4.4p that 

E = ^{E[;iTT/te)+^/fe)]-£/fe)} 



— n ^ I n+l ' a^ + i J n+l •> \ 



n+l \ n+l a„ 



J_ J- / iai^i^{n~i+l)ai \ f ( eg 

' n 2^ J \ (n+l)a^+i ) *^ I a„ 

2 — 1 ^ ^ ^ 



(4.1) 



(4.2) 



(4.3) 



(4.4) 



(4.5) 



SUPERQUADRATIC FUNCTIONS AND AVERAGES 



11 



As / is increasing, using (|4.3p . we get from ()4.5p that 

^ i r ( n—i+1 Qz + l — \ , n — 2+1 r f i Qj + i — 

^ ^ n{n+l)J \ n+1 ' o„ + i I ji(ri+l) J 1 n+1 ' a„ii 

Hence (14.11) is proved. If (C) is also satisfied, then it is easy to verify that 

n-i+l ai+i-aj ^ iai^i+(n-i+l)ai /, r,\ 

n+1 ' a„ + i - (n+l)a„ + i ' \^-^) 

As it is given that > 0, i — 1, n + 1, it is obvious that also 

.(a+i-a.) ^ ^a,+, + (n-^+l)a i = l _ ri^l. (4.7) 
(n+l)a„+i — (n+l)a„+i ' i : i \ J 

By dM]) and g21) we get from g3]) and g31) that E <^ X^Li / (fl) ^^ich is 
the same as (|4.2p . Hence the theorem is proved. □ 

Theorem 10. Let f be an increasing subquadratic function on [0, 1] . Let (ai)j>o 
satisfy 

(i) tti > 0, i — I, n+1 and ao — 0, 

(ii) (ai)jgp^ and {at — ai_i),-gj^ are increasing sequences. 
Then 

n+1 , s " / \ 

^ — ^ E / (^) - ^ E / ( ft) 

i— 1 ^ ^ i— 1 ^ ^ 

^ _i_ O'n+i—O'i £ f ai_ ^ Gj+i — \ I r / an—aj _ aj + i— \ /a q\ 

?,— 1 ^ ^ ^ ^ 

Moreover, if an addition 
(ill) ^<2, i = l,...,n 

n+1 / ^ " / \ 

i— 1 ^ ^ i— 1 ^ ^ 

Proof. The steps of the proof are analogue to the steps we made in proving Theorem 

m □ 
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